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Let A be an abelian normal subgroup of a finite group G and let 7~: ZG -+ 
Z(G/A) be the epimorphism of the integral group rings ZG and Z(G/A) induced 
by the natural epimorphism G -+ G/A. By using cohomological methods 
T. Obayashi [6] established the following result. 
THEOREM. Let H be a group such that ZG = ZH and let B = (h E H 1 r(h) = 
e(h)} where 
E cw 
( 1 wG 
=;f+ 
If K/A (respectively LIB) is the centre of G/A (respectively H/B) then there exists 
an isomorphism of the group K onto L which curries A okto B. 
This theorem has as a corollary the well-known result of A. Whitcomb [7] 
which states that the integral group ring of a finite metabelian group determines 
this group up to isomorphism. 
The aim of this note is to give a short proof of the theorem of Obayashi. While 
the strategy of this proof is the same as Whitcomb’s we show how the main steps 
in the proof are simple consequences of results which have been known for over 
twenty years. 
Let G -+a S be the epimorphism of the groups G and S and let A: ZG + ZS 
be the epimorphism of ZG and ZS which is the extension of h by Z-linearity. 
Then Ker x = ZG * I(N), where N = Ker h and I(N) is the augmentation ideal 
of ZN. As a consequence of this we have 
Gn(1 + ZG-I(N)) = N. 
The following have been known for a long time 
(1) 
ZG - -I(N) = I(N) + I(G) - I(N) (consequence of ZG = 2 @ I(G)) 
I(N) n I(G) * I(N) = I(N)* (consequence of the equality (2) 
I(G)*I(N)=I(N)2+ c (t- l)*I(N)andthat{t(n- 1)1 tET, 1 fn~N} 
l#t=T 
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is a linearly independent set, T being a complete set of coset representatives of iV 
with respect to G) 
Every central unit of finite order in ZG is trivial [2, Corollary 11. (3) 
If t = 2 Lx& - I)( CL~ E 2) is an arbitrary element of 1(A), then 
SEA 
t = a - l(mod In) where 
a= n sas [4, p. 3041 
SEA 
(4) 
G/G’ s I(G)jl(G)” and G n (1 + 1(G)2) = G’ [3, p. 1901 
If T is a finite group of normalized units in ZG then the elements of T 
are linearly independent over Z ([2] or [5, p. 5871). 
(5) 
(6) 
Finally note that ZG = ZH* where H* = {a-lh / h E H} and the formula 
#(<(/z-W) = h determines an isomorphism of H* onto H. If the theorem is valid 
for H* and +* is the required isomorphism then $ = &5* is the required 
isomorphism for Hand therefore we can assume without loss of generality that H 
consists of normalised units so that B = {h E H 1 r(h) = 11, and v(H) is 
normalised in Z(G/A). 
LEMMA. 
Let x E ZG and let x = g(mod ZG . I(A)) for some g E G. Then 
x = g(mod I(G) . I(A)) for some g E G, and g E K implies g E K. 
Let N A G. Then G r\ (1 f I(G) . I(N)) = N’ 
and ZG . I(N)/‘I(G) . I(N) s N/N’. 
(7) 
(8) 
Proof. By (2), x = g + t (mod I(G) . I(A)) for some 
t = 1 a,(~ - 1) E I(A)(oz$ E Z) and by (4), 
SEA 
x = g + (u - 1) = (1 - g)(u - 1) + @z = gu (mod I(G) . I(A)), proving (7). 
It follows from (l), (2) and (5) that 
Gn(l +I(G).Z(N)) = Nn(l +Z(G).I(N)) ==Nn(l +Z(N)s) = N’. 
Finally, 
ZG . Z(N) I(N) + I(G) * Z(N) 
Z(G) . I(N) = - Z(G) . I(N) 
Z(N) W) N 
=I(N)nZ(G).I(w)=----” Z(N)2 = N 
proving (8). 
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Proof of the theorem. By (6) the group V(H) is a group basis for Z(G/A), i.e. 
Z(G/A) = &r(H) and therefore v can be regarded as the extension of the 
epimorphism H + V(H) by Z-linearity. Thus Ker rr = ZG . I(A) = ZH . I(Bj 
and multiplying the left and the right hand side of this equality by I(G) = I(H) 
we have I(G) *I(A) = 1(H) . I(B). It follows from (8) that H r\ (1 + 
I(G) -I(A)) = B’ and A g B/B’. But Z(G/A) g ZG/Ker m E Z(H/B) from 
which follows that 1 A 1 = 1 B 1 and therefore B’ = 1. Thus, H n (1 + 
I(G) . I(A)) = 1 (9). S ince n(K) (respectively n(L)) is the centre of G/A (respec- 
tively r(H)) it follows from (3) that a(K) = X(L) (and therefore 1 K/A ! = j L/B / 
which implies / K 1 = 1 L I). Hence for any x EL there exists gz E K such that 
x = gz (mod ZG . I(A)) and by (7) x = g, (mod I(G) . I(A)) for some g, E K. 
By (8) the element g, is unique and therefore C/(X) = g, determines a homomor- 
phism of L into K. By (9), 4 is a monomorphism and since / L 1 = / K /, 4 is an 
isomorphism of L onto K. Finally, let 6 E B. Then b - 1 E Ker v = I(A) + 
I(G) . I(A) and by (4), b - 1 = a - 1 (mod I(G) . I(A)) for some a E A. Thus 
b 3 a (mod I(G) . I(A)) and 4(b) = a E A, proving the theorem. 
COROLLARY [7]. Let G” = 1. Then ZG = ZH implies G e H. 
Proof. Take A = G’. Then K = G and / K / = / L 1 implies L = H. Now 
apply the theorem. 
Remark. The property G n (1 + I(G) . I(N)) = N’ is a corollary of the 
following unpublished result of G. Higman, (D. Phil. Thesis, Units of Group 
Rings, Oxford Univ. 1940). 
Let R be a ring of algebraic integers of an algebraic extension of the rationals Q. 
Then in the ring RG, G n (1 + I(G) . I(N)) = N’. 
ACKNOWLEDGMENT 
The author wishes to thank the referee for his valuable remarks. 
REFERENCES 
1. S. D. BERMAN, On certain properties of integral group rings, Dokl. Akad. Auk SSSR 
91 (1953), 7-9. 
2. S. D. BERMAN, On the equation x m = 1 in an integral group ring, Ukrainian Math. /. 7 
(1955), 253-261. 
3. H. CARTAN AND S. EILENBERG, “Homological Algebra,” Princeton Univ. Press, 
Princeton, N. J., 1956. 
4. P. M. COHN, Generalization of a theorem of Magnus, Proc. London Math. Sot. 57 
(1952), 297-310. 
4 G. KARPILOVSKY 
5. J. COHN AND D. LIVINGSTONE, On the structure of group algebras, I, Canad. J. Math. 17 
(1965), 583-593. 
6. T. OBAYASHI, Integral group rings of finite groups, Osaka J. Math. 7 (1970), 
253-266. 
7. A. WHITCOMB, “The Group Ring Problem,” Ph. D. thesis, University of Chicago, 
1968. 
